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Result 1: CK + k3 + kg is O-conservative over /K.

Result 2: CK + k3 + ks is O-conservative over /K.

As a simple translation of the axioms, either CA~» T or CA~s L.
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Result 3: CK + k4 + ks is not O-conservative over /K.
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Result 3: CK + k4 + ks is not O-conservative over /K.

As a corollary of a Godel-Gentzen negative translation for CK + k4 + ks.
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Godel-Gentzen negative translation
For modal formula A, define another modal formula AV:

1N =1
pN = ——p
( B)N = ﬁ(ﬁAN A\ ﬁBN)
(AN B)N .= AN A BN
(A—s B)N .= AN _, BN
( A)N = —0-AN
(CAN .= OAN

Theorem: If K+ A then CK + k; + ks - AN

In particular: CK + k4 + ks - =—-01L — OL but iK —-—=0L — OL
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valuation V : W — p(At)

wliFOA <= forallvst. wRv:vIFA
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In classical modal logic: CA = —-0-A with =A:= A — L.
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Modal logic
Labelled sequents:

A labelled sequent G is a triple R, = A with:
> R set of R-relational atoms xRy

> I, A multisets of labelled formulas  x:A

O right-rule:
R,xRz,l = A, z:A
O-r z fresh
R, = A, x:OA
xIFOA <= forallzst. xRz:zIFA
<& right-rule:

R, xRy, = A, x:OA, y:A
R, xRy, = A, x:CA

xIF OA <= thereexistsys.t. xRy and y IF A

Soundness and completeness:
Modal logic K <+ Relational models <+ R-labelled sequents
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Intuitionistic modal logic

Labelled sequents:

A labelled sequent G is a triple R, = z:C with:
> R set of R-relational atoms xRy
> [ multisets of labelled formulas  x:A

O right-rule:
R, xRz, = z:A
-r z fresh
R, = x:OA
x: 0OA :=Vz(xRz — z: A)
< right-rule:

R, xRy, = y:A
r R,xRy,I = x:CA

x: CA:=3y(xRy Ay: A)

Soundness and completeness:
Modal logic IK <+ R-labelled sequents
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Intuitionistic logic

Labelled sequents:
A labelled sequent G is a triple R, = A with:
> R set of <-relational atoms x<y

> I, A multisets of labelled formulas  x:A

— right-rule:

R, x<z, [ zzZA=— A,z:B
—-r z fresh
R,IT= A xA—B

xXIFA—-B < forallzst. x<z:ifzIFAthenzIFB

Preorder properties:

< R, x<x, = A < R, x<Ly,y<z,x<z, = A
f———— tr
- R, = A - R, x<y,y<z, = A

Soundness and completeness:
Intuitionistic prop. logic <+ Preorder semantics <+ <-labelled sequents
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Intuitionistic modal logic

A:=peAt|ANA|AVA|L|A—=A|OA|CA
Birelational semantics: (W, R, <, V)
Set of worlds W with a preorder relation < and an arbitrary relation R

on W with a monotone valuation V : W — p(At)

Confluence conditions on R and <: For all x, y, z, there exists u s.t.:

@@ @@
M M

wlFOA <= forall vst. w<vandforall ust. vRu: ulF A
w ik GA <= there exists vs.t. wRv and vIF A
wiFA— B < forallvst. w<v:ifvi-FAthenvIFB

In intuitionistic modal logic: A and <A are not dual
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Fully labelled sequents:
A labelled sequent G is a triple R, = A with:
> R set of both <- and R-relational atoms x<y, xRy

> I, A multisets of labelled formulas x:A

O right-rule:

R,x<u,uRz,l = A, z:A
O-r u, z fresh

R, = A, x:0A

xIFOA < forall us.t. x<wandforall zst. uRz: zIF A

<& and — right-rule:

R, xRy, = A, x:OA, y:A R,x<z,[zzZA=— A,z:B
-r —-r z fresh

R, xRy, = A, x:CA R, = A xxA—B

xIF OA <= there existsys.t. xRy and y IF A
xIFA—B < forallzst. x<z:ifzIFAthenzIFB
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Preorder properties:

R,x<x, = A
<r

Confluence conditions on R and <:

R, x<y,y<z,x<z,[ = A

—_— tr
- R,IT = A -

© @

R
OF =0
R,xRy,x<z,y<u,zRu,I = A
R,xRy,x<z, = A

1

R,x<y,y<z, = A
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Intuitionistic modal logic

Preorder properties:

R,x<x, = A
<r

Confluence conditions on R and <:

—_— tr
- R,IT = A -

© @

R
OF =0
R,xRy,x<z,y<u,zRu,I = A
R,xRy,x<z, = A

1

Soundness and completeness:

R, x<y,y<z,x<z,[ = A

R,x<y,y<z, = A

R,xRy,y<z,x<u,uRz,I = A
R,xRy,y<z, = A

2

Logic IK < Birelational models <+ Fully labelled sequents



Po P?Tm WNAM

N inneJ.:. |proa1" Aeanch fmcuhm /;c\..TK







KLW \/Jo(k B
b Goo 2 OLittl (£ co-anthon)
b StraPLurch (s m—aui‘em.»)
b du Grast, Shilito & Clouiton /' Packaco



thark You

Notalie Dee.com



