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The problem of semi-simplicial types

Construct the following family of family types in homotopy type theory:
Xo : Type (points)
X1 Xo x Xy — Type (segments)

Xo : Hzyxoxs. Xq(x1, w0) = X1(21, 23) = X1(29, 73) — Type (triangles)



The problem of semi-simplicial types

Construct the following family of family types in pure type theory:

Xo : Type (points)
X7 Xy x Xg— Type (segments)
Xo ¢ Ilzyxomxs. Xl(flfl, ZCQ) — X1<I’1, 333) — Xl(LIJQ, ZL’3) — Type (triangles)

two problems into one

— T

semi-simplicial types recipe for indexed semi-simplicial
needs — at least — a this talk, for HSet,
description of higher- see also Voevodsky, Part-Luo,

dimensional coherences Altenkirch-Capriotti-Kraus



The fibred /indexed correspondence for HSet

For B : HSet



terating the fibred /indexed correspondence for HSet

Application to definition of Reedy presheaves in indexed form, here for semi-cubical sets:

fibred form
Y, . HSet
]
Yi . HSet
Lo
Y5 . HSet

+ coherences

US

indexed form

X() . HSet

X1 Xg x Xg— HSet

Xy Warr, zor). Hapy : Xa(xrr, vLR)-
(zrr, xrR) - Nege : X1(TrE, TRR)-
Xi(xrp, wrr) X X1(xLRr, xrr) — HSet



terating the fibred /indexed correspondence for HSet

Application to the definition of Reedy presheaves in indexed form, here for cubical sets:

fibred form VS indexed form
Yo . HSet Xy : HSet
o]
Y; . HSet X1 Xog x Xog— HSet
/I\dL*TdR*/I\d*L/I\d*R
Yo . HSet X H(SCLL,ZIZLR>. [lr;, : X1<SCLL,ZCLR).
[(xrr, xrR). Ry : X1(TRL, TRR)-
+ coherences Xi(zrn, xgrr) X X1(xpr, vrr) — HSet

Motivations:

1. The iterated fibred/indexed correspondence is interesting in itself

2. Suggests models of type theory closer to the syntax: e.g. equality interpreted as a
(relevant) relation rather than as a span



Rest of the talk

Presheaves in “indexed” form

- following a m-ary “parametricity’ recipe
- s.t. unary parametricity gives augmented semi-simplicial sets
- and binary parametricity gives semi-cubical sets

- equipped with a degeneracy

- machine-checked in Rocq



A uniform approach to augmented simplicial sets and cubical sets

Augmented simplicial and cubical categories only differ in the “arity” of a finite set v:

Ob;j =N
Hom(p,n) = {l € (v U {x})" | number of xin [ = p}
(f if g=c¢
gof =<a(gof) ifg=ag ,whereacv
a(g'of') ifg=xg f=af wherea€vora=x

id ‘= %...% n times for id € Hom(n,n)



A uniform approach to augmented simplicial sets and cubical sets

Augmented simplicial and cubical categories only differ in the “arity” of a finite set v:

Ob;j =N
Hom(p,n) = {l € (v U {*})" | number of x in [ = p}
(f ifg=c¢
go f =<a(gof) ifg=ag, wherea €v
la(g'of') ifg=xg f=af whereacvora=x
id = x...% n times for id € Hom(n,n)
augmented semi-simplicial sets with v = {0} semi-cubical sets with v = {L, R}
(counting from -1) (counting from 0)
00% <R
LR RR
*0x Oskox
**7\ L* Aok R«
LL RL
%00 0% 0 L

*x0



An effective indexed construction as a dependent stream of dependent sets

-sets
roet : HSety, 41
oet, = | SI_'LiDIIﬂ:I
.":ir_'L;’1 (D :vSet:m) : HSety .1
vSetg™ D £ LR :vSetD{D).vSetz" (D, R)
Truncated v-sets
Setgt : HSetyi1
.'SEL:D = Lnit
ySetsh +1 & ED:vSerst  ySetst (D)
oets” (D :vSet:?) : HSety 41
ySet=h D & fullframe® { D) — HSet,,
m i

where fullframe] is defined by mutual recursive construction (see next slides)
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The recursive process used to build frames from layers of paintings
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The recursive construction, formally

fullframe®

fullframe®

framef-PpSt

frame™?

|"=|r'|'."H'Ff+1

ayer PP
ayerP
painting®F-F5n

painting®Pf-P=n

painting®Ffp<n

(D :vSets")
o

(D :vSets")

Iy
I

{D:vSetim}

{d:frame™P(D}))

Dd

(D :vSets")
(E:vSet " (D))

{d:frame™P(D}))

DEd
DEd

I -

e e e

Il

e e

HSet,,

"r-=|rT|I_'”-“{D'}

H5et,,
unit
Ed: frame™ (D). layer™® (d)
HSetm

[ew.pain lir'g"“l*F{D-z}{ﬂ-‘ﬂrdJ (d})

frame,os, g
HSet,,

E(d)
LI : layer™P{d). painting™P+1(E)(d, 1)

where we need to define restrs,.,.. (see next slide)
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The recursive construction: restrictions (faces’)

gt {Divsern) o
““"‘”Irf'ixﬂ (d: frame™P (D)) Farmet 1F'{D.l}
H_"_-i'lrlmr'_l::l__“:I‘|T D« 2 -
rest rIHrF.I -T.IE.-T D {d,I) & [mbtr?-‘f-r.-..le,q (d), rest r"'-"{rlﬂ]_l (1)
{D:vSet="}
rest r':':'F’_E:j{H -2 {d:frame®P(D)} : mr'-_""_1-Fl:r::btr:“,‘f_l___lﬂj_rl (d))
(I:layer™P(d)) .
rest r"_':'F_rI',_,‘JJ Ddl & ":l“-"'{‘:':‘h:qu-:--n,e,m,q,p I:dj I[th'Lr:q,_]'T ceq(D2)(lw)))
(D:vSet=")
L psas—1 E:ivset=o (D e o,
r4_~51rl:f__";'._i£; {[d' |'rdr|:_-"rF[|:D:|}]} painting LF'{D,E}{rr_-er___ﬁ_,m‘?{d]]
(¢: painting™P(E)(d))
ru:i'lr:f_’_r'ﬁiq DEdI(l_) & [,
rest r:ffﬁiq DEd(lc) = {restr’?l’_"‘: -1 (1, rr_'er'f_’_.*:F'l"l"__l . (EMe))

where we need to define cohy., .. (see next slide)

13



The recursive

construction: coherences

P pSr<gsn-2 [D:vSet=n} rchr"__T“fM[rchrE'fl -.w..r[d”
o 1T A i o fip _ w—1, It,
Yy (d:frame{D)) = restr; P (restep? o (d))
it [ -1
coh” e [RE" = ) refl(+)
i, ‘41 A , i, J
coh ?. i Dd, 1) = {coh, ---,e,m,q,r{d:'fmh |.Ff'_.-:',ur,.a||—],r—'l{|!}:|
e n—1, i,
LR P <qEn—3 E?Ilrl “—_"-'- ]_‘.I-} ) restr _.Iiu[rl_"‘_-'.r F e (1)
=0 19T A { « Iraf "'{ }} - — e ﬂ—]IF - I:I:IJ
(1 layer (d)) = POl e (TESULT e gt
cuh“_'Ff Y Ddl £ Ad. I:Dhﬂl_,l_'F___ .r:.u.-.q,r{D'EJ (Iy)
{D:v5et<r} a1 .
cuhn:,p,p{r{q{n—l I:E: I'5"_"L=":{D}} restr rF' ,e,.TIID-E.] [”—‘b'-f:-'r. '.'_.-I.I.'.F{E}l::f}}
painting.2 Lt s {d:frame{D)} = resty P ﬁr{D-EJ[rI_‘L—-‘-r.“"F e as(ENE))
s LAAST ki d ! ek : #
(¢ : painting (E}(d))
i, g p=r A L b
coh_inting.e 001 DEdLL_) = refl{restr_ " : I“JI:D_?:I{EWJ}
i, P A H, 1P+
CUh:'uqu B L] r DE:’II::I!,-E':I = {E"jh F--,e,q.._-,q—'l_,r—l[l.]lcr‘.'h:-.F. -_-gﬂ#.r{f}{c:‘j

where we hide many steps of equational reasoning: proof-irrelevance of equality in HSet,
identification of equality of pairs and pairs of equalities, groupoid properties of equality
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About the formalisation

Complex proof of termination

made several unsuccessful attempts

construction completed in Rocq in Apr 2022
(inductively building 3 levels at once with two subinductions)

degeneracies completed in Nov 2024

we are working on a simplification saving a lot of equational reasoning

code at https://github.com/artagnon/bonak

Note: “paper’ construction also fully formulated in Agda (w/o termination)
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Adding (one) degeneracy (in the last direction)

fibred form vs  indexed form
Yy : HSet Xo : HSet (points)
™
Y1 : HSet X1 X x Xy — HSet (segments)
M ro 1 g« Xo. X (20, 20)
Yo : HSet Xo o (Y, 2Y p). Tlxh, - Xq(2h,, 2% 7).
H(2py, 2pp)- g, : Xi(ah, vhp).
+ coherences X(2Y 2% ) x Xq(2) 5, %) — HSet (squares)

rioc (2, 2%) 0 (X x Xo). Ha' : Xq(2h, 2%).
X2(<xOL7 :U%), 7“0(*7;%)7 (xORv IOR>7 7OO(IDOR)? (5517 xl))
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The added degeneracy is parametric: in the binary case, it gives a
standard cubical degeneracy; in the unary case, it gives a ParamT T-like
degeneracy and not a simplicial degeneracy

First, our degeneracy implies a distinguished point r_1(a) for any @ : X 1. Then:

source
(over some a : X _1)

r_1(a)
. ro(b) ro(c)
parametric A ro(b) 7“_1(&) rl(q)
degeneracy
b 7 C
C
q so(c)
simplicial so(b) s1(q) actually
b b .
a l-connection!
b 7 C

b b —L ¢

degeneracy
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Adding a degeneracy

For any (Xg, X1, ...) : vSet, we define a stream of degeneracies:

vreflSet(Xy, X1,...) =

> 1ld O Tl : Xo(d). X (refl? (d), Xe. x).
27”1 - 1d - 1(XQ>H[U . X1<d).X2(reﬂ1 (7“0)(d>,>\€.[l?>.
ZTQ - 11d - 2(X0,X1>.H33 . X2<d>.X3<reﬂ2 (7“0,7“1)(6[),)\6.56).
where
refl? e (P_1y ey 1) : "X ey Xpoy) — XL X))

computes the n first layers of the border of 7,(d)(x), knowing that the last layer is made
of v times x itself, so that

(refl? (-1, ey Tn1)(d), Ae. ) mtbnthx LX)
is a full frame.
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Adding a degeneracy

On the way, we need two coherence conditions:

idrestrrefl? | (r-1,...,7-1) (d: " Xoy ey Xn1))
restry o e (refl? (r_1,...;mn1)(d)) = d

cohrestrrefl’ ., (r—1,...;mm-1) (d: MP( Xy ey Xno1))
restrit o (reflEE (1o, re1)(d) = refl?P(r_q, . rn_g)(restrn_l’lj@p(d))
where refl?  generalises ref|” to prefixes of .
refl.? (7“_1, ceey ’I”n_1> : n’p<X_1, e Xn_1> — n+1,p<X_17 e Xn)
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Summary

e Machine-checked parametricity-based definition of indexed presheaves
e Uniformly represents simplicial and cubical sets
e Addition of one (parametric) degeneracy in the last direction completed

e More compact definition in progress, relying on finer-grain dependencies between the
different components of the construction
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