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Motivating Example

inductive T where def _count: Term -» Nat
Bool . True => 1
\ .False => 1
T e s o) If c t1 t, => 1 + count ¢ + count ti+ count t,
.Zero => 1
: X aolC\c L => 1 + count t
inductive Term where .Pred t => 1 + count t
True Wy * => 2
False Abs b =>3 + count b
%f (c t1 t2: Term) App Ti 7t => 1 + count t; + count t,
ero
succ Et: Term; . .
Pred (t: Term inductive_TRel: Term > T » Prop
V e Varg TT: TRel .True Bool
Abs (x: Var (t 19 =Ch e Term) FF: TRel .False .Bool
App (tai ta: m) If: TRel ¢ .Bool > TRel t; T » TRel t, T ~»
TRel (.If c t1 tz) T
Z: TRel .Zero .N
: S: TRel t .N » TRel (.Succ t) .N
inductive Val: Term - Prop P: TRel t .N » TRel Pred )
T: Val .True V (x: Va P RIR IO SR S LINEHIRISS ( 2V X S5C
F: val .False Abs (x: Var) (b: Term) (t1 T2 sl
Z: Val .Zero TRel (augment ' x T;) b T, »
S (v: Term): Val v » Val (.Succ v) TRel I' (.Abs X T3, b} ( Fn T4 T2)
A (x: Var) (t: T) (b: Term): ApP (t2_t2: Term) (t1 T2: T
al (.Abs x T 't) Rel T t1 (.Fn't, tz) ST PR

TRel T (. Pp t1 tz) T>
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Motivating Example

ef count: Term » Nat

inductive T where

| Fn (t1 T2: T)

inductive Term where

.V => 2
.Abs b =>3 + count b
App T1 t, =>1 + count t; + count t,

inductive TRel: Term » T » Pro

\" X: Va
l Abs %x Varg GeS T) (b: Term)
| App

t, to: Term

V (x: Var) (t: T) 'xX =T->TRel I' (.V X) T
Abs (x: Var) (b: Term) (t1 To: T):

augment ' X Ty) b T, -
TRel I' (.Abs X T, b3 (.Fn ol T2)
t, ta: Jerm) (T: Ta: T
el T t1 (.Fn t1 tz) 9 T el 0 tz T, =
TRel r (.App ti1 t2) T

A (xX:V 1) (b: T
| (Ogl ?beéFx-t)tf i
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Motivating Example

] I count: Term -» Nat
(] Bool ) . True e[
[ N [ .False => 1 ]
Jf ¢ t, t, => 1 + count ¢ + count t,+ count t,
.Zero =SExl
_Slicc 1t = 1 4+ count t
Term
True
{ False
I+ (¢ t4 t>: Term)
Zero
sSucc gt: Termg scatteringo¢ ———M8 ¥ —
Pred (t: Term modularity A reusability
Val: Term -
[ T: Val .True
F: Val .False
Z: VVal .Zero
S (v: Term): Val v » Val (.Succ v)




Boolean Module

namespace Boolean

inductive T where
Bool

inductive Term where
True

False
If (c t1 t2: Term)

def countNodes: Term - Nat
.True => 1

.False => 1

If ¢ t1 to => 1 + countNodes ¢ + countNodes ti1 + countNodes t»,

inductive Val: Term - Prop
T: Val .True
F: Val .False

inductive_TRel: Term »> T > Prop
TT: TRel .True .Bool
FF: TRel .False .Bool
If: TRel ¢ .Bool » TRel t; T » TRel t, Tt » TRel (.If c t; t,) T
end Boolean




Nat Module

namespace Nat

inﬂuctive T where

inductive Term where
Zero

Succ (t: Term

Pred (t: Term

def countNodes: Term - Nat

. Zepeo=> 1

.Succ t => 1 + countNodes t
.Pred t => 1 + countNodes t

inductive Val: Term - Prop
Z: Val .Zero
S (v: Term): Val v » Val (.Succ v)

inductive TRel: Term » T -» Prop where
Z: TRel .Zero .N

S: TRel t .N » TRel (.Succ t) .N
P: TRel t .N » TRel (.Pred t) .N

end Nat




STLC Module

namespace STLC

inductive T: T¥pe

Fn (t1 To.
abbrev Var := String
abbrev Context := Var » T

def augment (I: Context) (x: Var) (t: T): Context := Av » if v=x then Tt else I v

inductive Term where

Vv x: Var

Abs %x: Varg ey <) S(Ebs= Te'tm)
App (ti1 ta: Term)

def countNodes: Term - Nat

.V => 2

.Abs b => 3 + countNodes b

App ti t, => 1 + countNodes t; + countNodes t,

inductive Val: Term - Prop
| A (x: Var) (t: T) (b: Term): Val (.Abs x T t)

inductive TRel: Context -» Term » T - Prop where
V (x: Var) (t: T): T x =1t > TRel I (.V X) T
Abs (x: Var) (b Term) (ti Ta: T):
TRel (augment I' x Tt1) b T, - TRel T (.Abs x T1 b) (.Fn T1 T2)
| App (t1 tao: Term) (ti Ta: T):
TRel T t1 ( Fn T1 tz) - TRel T tz Tq1 TRel T ( App t1 t ) To

end STLC



Inductive Type Composition

Namespace Boolean namespace Nat namespace STLC
inductive T where inductive T where inductive T: Type
Bool J[ N [ RS e Tg

end Boolean end Nat end STLC

inductive T := Boolean.T |+ Nat.T |+ STLC.T

|

inductive T where
ﬁool




Composition and Extension

namespace Boolean namespace Nat namespace STLC

inductive Term where
inductive Term where ; 3 \ X: Varg
True nductive Term where Abs %c Var) (t: T) (b: Term)
False T Zero App (ti1 to: Term)

Tfu(e ta o Term) gggg EE $gﬁm;

end STLC
end Boolean e Y e

inductive Term := Boolean.Term |+ Nat.Term |+ STLC.Term
isZero (t: Term)

inductive Term where
True

False

If (c t1 ta: Term)
Zero

Succ (t: Term

Pred (t: Term

Vv %x: Var

crosscuts Boolean and Nat

Abs (x: Var; (t: T) (b: Term) ¢
App (ti t2: Term)
isZero (t: Term)




Dependencies

inductive TRel: Context - Fe

m =
iz: TRel I £t T.N » TRel S

rm->T > rog 1= oolean TRel |+ Nat.TRel |+ STLC.TRel
(.isZero t) T.Boo

ro




Subtyping and Coercion

inductive T := Boolean.T |+ Nat.T |+ STLC.T

Boolean. T <: T
Nat.T <: T
STLC.T<:T

instance: Coe Boolean.T T where
coe := A x » match x with
| Boolean.T.Bool => T.Bool

instance:_Coe Nat.T T where
coe := A X » match x with defSuiasl. =
Nat.T.N => T.N

instance: Coe STLC.T T where
coe := A x » match x with
STEGEFERN T T = FEh Tt TS

recursive coercion




Subtyping and Dependent Coercion

inductive T := Boolean.T |+ Nat.T |+ STLC.T

Boolean. T <: T

Nat.T<:T
STLC.T<:T
instance : CoeDep T Bool) Boolean.T where coe := Boolean.T.Bool
instance ; CoeDeE T.N) Nat.T where coe := .T.N
instance (a : STLC.T) (b’ : STLC.T) CoeDep T (T Fn a b) STLC.T where coe := STLC.T.Fn a b

def t: Boolean.T := T.Bool

def b := T.Bool
def s: Boolean.T := Db
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Multiplexing Functions

n_countNodes := Boolean.countNodes |+ Nat.countNodes |+ STLC.countNodes
isZero t => 1 + countNodes t

Assumption: same pattern-matching Adjusting function calls (including

structure

recursive ones)

def countNodes: Term -» Nat

.True => 1

.False => 1

.%f Ea iy %z => 1 + countNodes ¢ + countNodes t; + countNodes t,
.Zero =>

.Succ t => 1 + countNodes t

\fred = 12+ countNodes t

i =>

.Abs _ b => 3 + countNodes b

App ti t, => 1 + countNodes ti + countNodes t,

.isZero t => 1 + countNodes t
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Architecture

g




Limitations

Full support of higher-order types, indexed-types, dependent types
Assumptions on multiplexed functions
Mutual recursion

Composing feature modules mstead of individual types/functions
(Partial?) composition of theorems and proof objects
Function reuse instead of rewriting

* Recursion? Modifying fixpoint operators?

* Cost of function calls? Inlining?
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Thank You

Questions

https://github.com/qualgebra/I.eanToolkit/tree/TYPES2025
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https://github.com/qualgebra/LeanToolkit/tree/TYPES2025
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