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Previously

e Formalization of graded types
e “Counting” variable uses

e Erasure, Linear Types, Affine Types, ...



Variable Counting
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Subsumption: Precision loss
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e How to handle recursion?
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e How to handle recursion?
e We consider natural numbers with natrec

e We believe that the same ideas can be used for other types



Example: plus

plus: N —- N — N
plus mzero = m
plus m (suc n) = suc (plus m n)



Example: plus

plus: N —- N — N
plus mzero = m
plus m (suc n) = suc (plus m n)

plusp m = m == il
suc m -— 1

plus; m
plus; m = suc (suc m) -- 1



Example: plus

plus: N —- N — N
plus mzero = m
plus m (suc n) = suc (plus m n)

plusp m = m == il
plusy m = suc m == il
plus; m = suc (suc m) -- 1

We assign the grade corresponding to {1}



Example: mult

mult: N - N - N
mult m zero = zero
mult m (suc n) = plus m (mult m n)



Example: mult

mult: N - N - N
mult m zero = zero
mult m (suc n) = plus m (mult m n)

multy m = zero —= ()
mult; m = plus m zero ==l
mult, m = plus m (plus m zero) -- 2



Example: mult

mult: N - N - N
mult m zero = zero
mult m (suc n) = plus m (mult m n)

multy m = zero —= ()
mult; m = plus m zero ==l
mult, m = plus m (plus m zero) -- 2

We assign the grade corresponding to {0,1,2,...}



natrec

natrec :
{A: N — Set} (z: A zero)
(s:(@pn:N)— O An— A(sucn)) —
(m:N)— Am

natrec z s zero =2z

natrec z s (suc n) = s n (natrec z s n)



natrec

natrec :
{A: N — Set} (z: A zero)
(s:(@pn:N)— O An— A(sucn)) —
(m:N)— Am

natrec z s zero =2z

natrec z s (suc n) = s n (natrec z s n)

natrecp z s = z -1
natrec; z s = s zero z ——p+tr
natrec, z s = s (suc zero) (s zero z) == p + r(p + 1)



natrec

natrecp z s = z -1
natrec; z s = s zero z ——ptr
natrec, z s = s (suc zero) (s zero z) == p + r(p + 1)

We assign the grade corresponding to {1, p+r,p+r(p+7r),...}



natrec

natrecp z s = z -1
natrec; z s = s zero z ——ptr
natrec, z s = s (suc zero) (s zero z) == p + r(p + 1)

We assign the grade corresponding to {1, p+r,p+r(p+7r),...}

a =1
That is, the grade /\ a; where 0
djiy1 = p+ra;



natrec

natrecp z s = z -1
natrec; z s = s zero z ——ptr
natrec, z s = s (suc zero) (s zero z) == p + r(p + 1)

We assign the grade corresponding to {1, p+r,p+r(p+7r),...}

a =1
That is, the grade /\ a; where 0
djiy1 = p+ra;

Similar analysis gives uses by z and s



Correctness

e Is this analysis correct?



Correctness

e Is this analysis correct?

e Yes, Correctness proof via an abstract machine



Formalization

e Formalized in Agda
o [, N, L, T, U,x=ny
e github.com/graded-type-theory/graded-type-theory


https://github.com/graded-type-theory/graded-type-theory

