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o Cubri¢ €9al.: Fully categorical, no ad hoc analysis of normal forms, universal property, partial
correctness
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e Our approach: Fully categorical, no ad hoc analysis of normal forms, universal property(/ies), full
correctness
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We present a slick, new, (p-)categorical
construction of NbE with full correctness.
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Abstract Normalization

Normalization Function
nff(CFo:A)2gaofo]our: I(T) — I(A)

nff(l'Fo:A)=gaofo] our
~M ga o up o 1(0)
~p ida o I(0)
~m 1 (o)

Weak Completeness

I'o =g, 0 : A= nfi(o) ~m nfr(o)
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Choice of M and I




Cartesian Pre-Closure

Cartesian Pre-Closed Catego

A category, C, is Cartesian-pre-closed when:
o itis Cartesian;
o it has a pre-exponential operator on objects:
(=)= (=) : Co x Cy = Cy;
o such that there are maps natural in ¢:
C(c x a,b) = C(c,a = b)
C(c,a = b) = C(c X a,b).
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Cartesian Pre-Closure

Cartesian Pre-Closed Category Cartesian Pre-Closed Functor

A category, C, is Cartesian-pre-closed when: A functor, F : C — D, with C Cartesian-pre-
o itis Cartesian; closed and ID Cartesian-closed, is Cartesian-pre-
closed when:

e it has a pre-exponential operator on objects:
(=) = (=) : Co x Co — Cy; o itis Cartesian; and

o such that there are maps natural in ¢: o thereisafamily of maps that weakly preserves
pre-exponential structure:

C(c x a,b) = C(c,a = b)
Cle,a = b) = C(c x a, b). ) ¢: (Fla) = F(b)) = Fla=0). |
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Free Cartesian Pre-Closed Category
Free Cartesian Pre-Closed Category

Ay £ Contexts
A1 (T, A) £ Substitutions : T F A“/” =,
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Concrete Normalization

Choice of M and I

I:F—-M

F:FoF
(i) : F—A

L)“PDTIZ

GIA)T) = Fi((T), A)
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Stronger Universal Property forj : A — F
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Abstract Normalization 2.0

Normalization Function

nf;(THo:A)2Gao]o]oar:I(T)—1(A)

Weak Completeness

I'ko 2,0 : A= nf;(c) ~m nf; (o)
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Concrete Normalization 2.0

Choice of M and 7

R

WithM 2 Aand 7

A ~n
9_‘.:

Fl—U—gnO' A=>nf;
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The Normalizer’s Dilemma?

Have soundness but no strong completeness;

OR,

have strong completeness but no soundness.
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Normalization Functions
nfp(T o : A) £ Dom(ga o [o] o ar)p(idr) : A(T, A)
nfoC ko :A)£ Cod(ga o [o] o ar)p(idr) : F(L,A)
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The Normalizer’s Dilemma? Triumph!

Normalization Functions

nfp(T - o : A) £ Dom(ga o [o] o ar)p(idr) @ A(T, A)
nfe(CFo: A) £ Cod(ga o [o] o ar)p(idr) : F(T,A)

Correctness

e nfp is strongly complete. [a g, o’ = nfp(0) =a anD(a’)]
o nfg is sound. [ nfc(o) 2, 0]

o nfp and nfe agree extensionally. [ j(nfp(0)) =g, nfc(o) ]

e nfp is sound. []'(VT‘CD(U)) =pn U]
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Rocq Formalization

p-Category Theory used.
@ SProp used for PER valuation.

e Provides effective normalization procedure for terms & substitutions.

De Bruijn indices used for representation of variables.




Future Work

Analyze naturality of g and # more carefully.

e Connect more closely with traditional gluing techniques (e.g., of Fiore).

Lift to coproducts.

Lift to non-simple type theories.




For more information see:
arXiv:2505.07780


https://arxiv.org/abs/2505.07780

