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Observational Definitional
equality equality

Type casts
are everywhere

Gradual Types Subtyping




A few examples

A(ag: Ay) =
Gradual Types castri(z:4,).8, (f) N let a) == casty, 4 (a) in
(CastCIC[1]) II(x:A5).B, CaSt 5. (o, /x5, s/ ]<f a;)
=
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A few examples

A(ag: Ay) =
Gradual Types CaStH(w:Al).Bl (f) N let aq = CaStA2,A1 (a2> in
(CastCIC[1]) II(x:A5).B,
cast g (4. /2], B,la, /2] (f 1)
Observational Alay: Ay) =
Equality castiy(z:4,).B (e, £) _, et ayi=casty 4 (fst(e) *,ay) in
obs II(x:A,).B
(TT°P*[2]) (@:42).- By castp (4. /2], B, la, [z (snd(e) ay,f aq)
=
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A few examples

A(ay: Ay) =
Cradual Types castii(z:A,).B, (f) N let ay :=cast, 4 (ay) in
(CastCIC[1]) II(x:A5).B,
cast g (4. /2], B,la, /2] (f 1)
Observational A(ay : Ay) =
Equality castiy(z:4,).B (e, £) _,  letay=casty 4 (fst(e) *,ay) in
obs II(x:A5).B
(2] A Cast g, (a, /a], Bylay/z) (S1A(€) G, f ay)
Coercive A(ay: Ay) =
Subtyping COCIIx:A,.B; (f) N let ay :==coey 4 ayin
IIx:A,.B
(MLTT e [3]) i CO€R (4, /z],Bylay/x] (J 1)
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A few examples

| (a3 : 4y) =

let ay :=casty 4 (ay) in

Castp (a, /a], Bylag/z) (] Q1)

8 (0, A) =

| let a; == casty 4 (fst(e)™",ay) in

cast g 1q. /a] B, 0, /2] (S0A(€) a9, f ay)

| (ay: Ay) =

let aq :=coey 4 a,in

CO€R (4, /z],Bylay/x] (J 1)
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A common core

Exponential in a Cartesian Closed Category:
CPxC—=C
(A, B) — B4
(f,9) = hi= z = g (eval (h, f(z)))
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A common core

Exponential in a Cartesian Closed Category:

CPxC—C
(A, B) — B4

(f,9) = hi> 2 g (eval (h, f(x)))

These theories exhibit functorial properties of 11!
This functorial property acts over many forms of type casts
(propositional equality, definitional equality, subtyping)
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Objectives

« Construct a framework to describe type casts over II using its
functorial property

« Other type formers exist (Id, >3, W, ...), and user can create new ones:
Inductive types

Casts should compute over arbitrary inductive types.
How to exhibit their functoriality ?
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Functors ? in my Set ?

Where do we start from ? Categories with Families (CwF)
The big picture:
A category Ctx of contexts, morphisms are substitutions
« Afunctor T : Ctx® — Fam i.e:

» Ty : Ctx°? — Set

» Tm: [ Ty — Set

Ctxop

What should we change to have functors between types ?

Adjedj, Benjamin, Lennon-Bertrand, Maillard AdapTT: A Type Theory with Functorial Types



Functors ? in my Set ?

Types now form a category:

« A category Ctx of contexts, morphisms are substitutions
« A functor T : Ctx°? — Cat | Set i.e:

» Ty : Ctx°? — Cat

» Tm : fCtXOP Ty — Set
Adapters[4]:
t: A
Ad(F,A, B) — HomTy(F)(A,B) a . Ad(F,A,B)

t(a) : Tm(T, B)
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Type formers as natural transformations
Data of a type former :
« A presheaf D : Ctx°? — Cat = “input data”
« A natural transformation C : D = Ty
» On objects: the type former
> On morphisms: structural coercion
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Type formers as natural transformations
Data of a type former :
« A presheaf D : Ctx°? — Cat = “input data”
« A natural transformation C : D = Ty
» On objects: the type former
» On morphisms: structural coercion

Examples :
Type Constructor List I1
Presheaf D(I") Ty(T) (A:Ty®(—)) x Ty(—> A))
C'(T") on objects | A+ Listp(A) (A,B) — 1IA.B
. ((f,9),t) = Alay 0 Ay) =
C'(T) on morphisms|(f,t) = map f t let a, = f(a,) in g(ay.t a;)
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Type formers as natural transform

Data of a type former :
« A presheaf D : Ctx°? — Cat = input data
« A natural transformation C : D = Ty
» On objects = the applied type former.
» On morphisms = a coercion between instances of the type former.

Very general ! Too general...

We want:

« A syntactic presentation of type formers

 That explicits the variance data

« Powerful enough to encode usual type formers (I1, 3, Id, W)
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1-Yoneda to the rescue ?

Data of a type former :
« A presheaf D : Ctx°? — Cat = input data
« A natural transformation C : D = Ty

» On objects = the applied type former.

» On morphisms = a coercion between instances of the type former.

Theorem : Ty(T') is in bijection with Sub(—,I') = Ob o Ty.

As such, any F': Ty(T") gives rise to a type-former !
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1-Yoneda to the rescue ?

Data of a type former :
« A presheaf D : Ctx°? — Cat = input data
« A natural transformation C : D = Ty

» On objects = the applied type former.

» On morphisms = a coercion between instances of the type former.

Theorem : Ty(T') is in bijection with Sub(—,I') = Ob o Ty.

As such, any F': Ty(T") gives rise to a type-former !
Nice, but...

« Can’t capture interesting examples (I, X, ...)
- Just a bijection, what about our adapters ?
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Type variables

What we want for 11:
[:=(X:Ty")> (Y : (X.Ty"))
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Type variables

What we want for 11:
[:=(X:Ty")> (Y : (X.Ty"))

A type variable in I™:

» Binds a telescope © : Tel(I')
« Has a direction
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Type variables

What we want for II:
[:=(X:Ty")> (Y : (X.Ty"))

A type variable in I™:
» Binds a telescope © : Tel(I')
- Has a direction

Works great for others:

Id: T, = (X :TyH) > X Yoy = (X :Tyt) > (Y (X.Tyh))
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Contexts as 2-categorical objects

Substitutions map type variables to types.
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Contexts as 2-categorical objects

Substitutions map type variables to types.
Types are related through adapters collected into transformations.

Ctx becomes a 2-Category.

o
/\ VA Ctx oo,7 0 Sub(T A)
I ¢ A
\/ Trans(I', A, d,7)
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2-Yoneda is useful

Data of a type former :
« A presheaf D : Ctx°? — Cat = input data
« A natural transformation C : D = Ty

» On objects = the applied type former.

» On morphisms = a coercion between instances of the type former.

Theorem : Ty(T') is isomorphic to Sub(—,T") = Ty.
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2-Yoneda is useful

Data of a type former :
« A presheaf D : Ctx°? — Cat = input data
« A natural transformation C : D = Ty

» On objects = the applied type former.

» On morphisms = a coercion between instances of the type former.

Theorem : Ty(I') is isomorphic to Sub(—,T") = Ty.

As such, any F': Ty(T") gives rise to a functorial type-former !
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Example: I1

A L [:=(X:Ty ) > (Y : (X.Ty"))
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Example: I1

A L4 [:=(X:Ty" ) > (Y : (X.Ty"))
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Example: I1

A B e Ad(A> A, LB, B,fid®a 4]) [ = (X Ty ) > (V: (X.Ty"))

anp-: Ad(A7A27A1) :|
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A quick summary

A category Ctx of contexts, 1-cells are substitutions

e« A functor T : Ctx°? — Fam i.e:
» Ty : Ctx°? — Set
» Tm: [, Ty — Set

Ctxop
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A quick summary

« A 2-category Ctx of contexts, 1-cells are substitutions , 2-cells are
pop[transformations]

« A 2-functor T : Ctx°? — Cat ) Set i.e:
» Ty : Ctx°? — Cat
» Tm: [, Ty — Set

Ctxop
o type variables,
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A Theory of Signatures for Inductive Types !

What we want:

« Encode (non-mutual, non-nested) inductive types with parameters
and indices

« Embed these types into our class of models

« Action of substitution and transformation over constructors

What we have:

« Contexts

« Type variables
« Telescopes
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A Theory of Signatures for Inductive Types h WIP

A simple inductive type Ind is:

. Alist C of constructors

A constructor is:

A telescope © : Tel, (&) of non-recursive arguments

norec
o A list of recursive arguments

A recursive argument (a; : A;) — ... = (a,, : 4,,) — Ind is:
- Atelescope O, :=c>A; >..> A :Tel (I'>0,,.)of arity
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A Theory of Signatures for Inductive Types h WIP

A parametrised inductive type Ind is:
A context I' of parameters

. Alist C of constructors

A constructor is:

« A telescope © : Tel(I') of non-recursive arguments

norec
o A list of recursive arguments

A recursive argument (a; : A;) = ... > (a, : A) = Ind P is:

. Atelescope O, i=c¢>A;>..>A :Tel (I'>0 of arity

norec )
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A Theory of Signatures for Inductive Types !

A parametrised, indexed inductive type Ind is:
A context I' of parameters

- Atelescope O; : Tel (I') of indices

. Alist C of constructors

A constructor is:

« A telescope © : Tel(I') of non-recursive arguments

norec
o A list of recursive arguments

« An instantiation ©; of indices inI'> O,

A recursive argument (a; : A;) — ... = (a, : A) — Ind P T is:
. Atelescope O, :=c>A;>...> A :Tel (I'>0
« An instantiation ©; of indices inI' > © > O,

norec

of arity

norec )
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A Theory of Signatures for Inductive Types A WIP

Example : Bounded W-types

« Parameters :
gi=(A:Ty")>(B: (ATy")

e Indices: ©; := (n : N)

« Constructor: data BW (A : U) (B : A-1U) : N> U where
» Non-recursive fields: >Up 22 E;
@norec::(n:N>><a’:A> - ((b : Ba) - BWABnN)
» Recursive field: - BW A B (n+1)

— Telescope ©,,, := (b: B a)
— Index instantiation : n
» Index instantiation : n + 1
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What’s done so far A WIP

 Type former /

Constructors /

Action of substitution v/

Action of transformations /

Construction of the recursor X

Fusion laws/recursors on adapters X
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Conclusion

Takeaway: Functoriality of type formers structures type casts

Done /:

 Type theory that exhibit functorial properties of type formers
- Formalised in Agda as a QIIT

WIP A :
« Theory of signatures with subtyping
« More models of 2-CwFs

Future work X¢:

« Add inv/equivariance

o Links between 2-CwFs and other existing models (e.g comprehension
categories)

Adjedj, Benjamin, Lennon-Bertrand, Maillard AdapTT: A Type Theory with Functorial Types



Bibliography

[1] M. Lennon-Bertrand, K. Maillard, N. Tabareau, and E. Tanter, “Gradualizing the Calculus of Inductive
Constructions,” ACM Transactions on Programming Languages and Systems, vol. 44, no. 2, Apr. 2022, doi:
10.1145/3495528.

[2] L. Pujet and N. Tabareau, “Observational Equality: Now for Good,” Proc. ACM Program. Lang., vol. 6, no. POPL, 2022,
doi: 10.1145/3498693.

[3] T.Laurent, M. Lennon-Bertrand, and K. Maillard, “Definitional Functoriality for Dependent (Sub)Types,” in 33rd
European Symposium on Programming, ESOP 2024, S. Weirich, Ed., in Lecture Notes in Computer Science, vol. 14576.
Springer, 2024, pp. 302-331. doi: 10.1007/978-3-031-57262-3_13.

[4] C. McBride and F. Nordvall Forsberg, “Functorial Adapters,” in 27th International Conference on Types for Proofs and
Programs, 2021.

Adjedj, Benjamin, Lennon-Bertrand, Maillard AdapTT: A Type Theory with Functorial Types


https://doi.org/10.1145/3495528
https://doi.org/10.1145/3498693
https://doi.org/10.1007/978-3-031-57262-3_13

	A few examples
	A common core
	Objectives
	Functors ? in my Set ?
	Type formers as natural transformations
	Type formers as natural transform
	1-Yoneda to the rescue ?
	Type variables
	Contexts as 2-categorical objects
	2-Yoneda is useful
	Example: Π
	A quick summary
	A Theory of Signatures for Inductive Types  ⚠ WIP
	A Theory of Signatures for Inductive Types  ⚠ WIP
	A Theory of Signatures for Inductive Types  ⚠ WIP
	Example : Bounded W-types

	What's done so far  ⚠ WIP
	Conclusion
	Bibliography

